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Abstract  In this paper, we introduce a new system of generalized mixed quasi-variational-
like inclusions with (A, n, m)-accretive operators and relaxed cocoercive mappings. By using
the fixed point theorem of Nadler, we prove the existence of solutions for this general system
of generalized mixed quasi-variational-like inclusions and its special cases. The results in this
paper unify, extend and improve some known results in the literature. The novel proof method
is simpler than those iterative algorithm approach for proving the existence of solutions of
all classes of system of set-valued variational inclusions in the literature.

Keywords System of generalized mixed quasi-variational-like inclusions - (A, n, m)-
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1 Introduction

Recently, some new and interesting problems, which are called system of variational inclu-
sions were introduced and studied. Fang and Huang [1], Verma [2], and Fang et al. [3], Fang
and Huang [4], and Peng and Zhu [5] introduced and studied a system of variational inclu-
sions involving H-monotone operators, A-monotone operators, (H, 7)-monotone operators,
H -accretive operators, and (H, n)-accretive operators, respectively. Peng [6] introduced and
studied a new system of variational inclusions with (A, n, m)-accretive operators which
contains systems of variational inclusions in [1-5] as special cases. By using the resolvent
technique for the (A, n, m)-accretive operators, the author proved the existence and unique-
ness of solution and the convergence of a new multi-step iterative algorithm for this system
of variational inclusions in real g-uniformly smooth Banach spaces. Kazmi and Khan [7]
introduce and study a new system of variational-like inclusions in real g-uniformly smooth
Banach spaces.
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On the other hand, some classes of systems of set-valued variational inclusions were intro-
duced and studied. Yan et al. [8] introduced and studied a system of set-valued variational
inclusions involving H-monotone operators. Peng and Zhu [9-11] introduced some new sys-
tem of generalized mixed quasi-variational inclusions with (H, n)-monotone operators. Peng
[12] introduced and studied a new system of generalized mixed quasi-
variational-like inclusions with (H, n)- accretive operators. Ding and Feng [13] introduced
a new system of generalized mixed quasi-variational-like inclusions with (A, n)-accretive
operators in real g-uniformly smooth Banach spaces which includes those mathematical
models in [1-5,7,11,12]. By using the resolvent technique for the H-monotone operators,
the (H, n)-monotone operators, the (H, n)-accretive operators, the (A, n, m)-accretive oper-
ators, respectively, the authors in [8—13] proved the the existence of solutions by proving
the convergence of some iterative algorithms for those corresponding classes of systems
of generalized mixed quasi-variational-like inclusions in Hilbert spaces or real g-uniformly
smooth Banach spaces.

The purpose of this paper is twofold. It is easy to see that the system of variational inclu-
sions in [6,9,10] is not special cases of those of mathematical models in [11-13]. Hence,
we firstly will introduce a system of generalized mixed quasi-variational-like inclusions with
(A, n, m)-accretive operators which is different from that in [13] and includes the mathe-
matical models in [1-10] and the references therein. Secondly, it is easy to see that we can
directly prove the existence of solutions for those classes of systems of variational inclusions
in [1-7] without any iterative algorithms. So, we need to give an answer to the following
question: Can we prove the existence of solutions for systems of set-valued variational inclu-
sions such as those in [8—13]? In this paper, we will give a positive answer for this question.
In other words, we can prove the existence of solutions for a new system of generalized
mixed quasi-variational-like inclusions with (A, n, m)-accretive operators by a fixed point
approach instead of those iterative algorithms methods in the literature. The results in this
paper unify, extend and improve some known results in the literature.

2 Preliminaries

We suppose that E is a real Banach space with dual space, norm and the generalized dual pair
denoted by E*, ||-|| and (-, -), respectively, 2F is the family of all the nonempty subsets of
E, CB(E) is the families of all nonempty closed bounded subsets of E, and the generalized
duality mapping J, : E — 2E" is defined by

Jg) = {f* € E*: (e, /5 = 151 - U=l 151 = xl1?"), Vx € E,

where ¢ >1 is a constant. In particular, J, is the usual normalized duality mapping. It is
known that, in general, J, (x) = llx N> J2(x), for all x # 0, and Jy is single-valued if E* is
strictly convex.

The modulus of smoothness of E is the function pg : [0, co) — [0, co) defined by

1
PE() = sup [E(IIX +yll+lx =yl —=1:lxll =1 Iyl < t] :

A Banach space E is called uniformly smooth if

lim PE )]
im =
t—0 1

0.

E is called g-uniformly smooth if there exists a constant ¢ > 0, such that

pe() <ct?,q > 1.
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Note that J; is single-valued if £ is uniformly smooth. Xu and Roach [14] proved the
following result.

Lemma 2.1 Let E be a real uniformly smooth Banach space. Then, E is q-uniformly smooth
if and only if there exists a constants cq > 0, such that forall x, y € E,

I+ ylI1 < Ix? + gy, Jg () + cqllylI?.

We recall some definitions and results needed later.

Definition 2.1 [15] Let E be a real uniformly smooth Banach space, T : E — E and
n: E x E — E be two single-valued operators. T is said to be

(i) n-accretive if
(Tx) =T, Jy(n(x,¥)) 20, Vx,ye€E;

(ii) strictly n-accretive if T is n-accretive and

(T(x) = T(y), Jg(n(x,y))) =0 if and only if x = y;
(iii) r-strongly n-accretive if there exists a constant » > 0 such that

(T(x) =T, JgCx,y)) =rlx —yl9, Vx,y € E;
(iv) Lipschitz continuous if there exists a constant s > 0 such that

IT@x) =TI =sllx—yl. Vx,yekE.

Definition 2.2 [15] Let E be a real uniformly smooth Banach space, T : E —> E and
g : E — E be two single-valued operators. T is said to be

(1) (a, &)-relaxed cocoercive with respect to g if there exists constants «, £ > 0 such that
(T(x) =T (), Jg(gx) —g())) = —alIT(x) =TI +&llx — yllY, Vx,y € E;
(i) &-strongly accretive with respect to g if there exists constants & > 0 such that
(T) =T, Jg(g(x) —g(»))) = &llx — yll, Vx,y € E;
Remark 2.1

(i) The (c, &)-relaxed cocoercivity with respect to / and the &-strongly accretivity with
respect to 7, respectively, are called the («, §)-relaxed cocoercivity and the &-strongly
accretivity, where [ is the identity map on E.

(i) If T is («, &)-relaxed cocoercive (with respect to g), then 7 must be &-strongly accre-
tivity (with respect to g). And the converse is not true in general.

Definition 2.3 [4,5,7] Letn: E x E — E, H : E —> E be single-valued operators and
M : E —> 2F be a multi-valued operator. M is said to be

(i) accretive if
(u_vv‘lq(x_y)>zoa Vx»yEEaueM(-x)vveM(y);
(i) nm-accretive if

(u—v,Jy(nx,y)) >0, Vx,yec E,uec M(x),veM(y);
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(iii) strictly n-accretive if M is n-accretive and equality holds if and only if x = y;
(iv) r-strongly n-accretive if there exists a constant » > 0 such that

(u—v, Jym@x, ) =rlx =yl7, Vx,ye E,ueMix),veM(y);

(v) m-accretive if M is accretive and (/ + pM)(E) = E holds for all p > 0;
(vi) generalized n-accretive if M is n-accretive and (I + pM)(E) = E holds for all
p>0;
(vii)  H-accretive if M is accretive and (H + pM)(E) = E holds for all p > 0;
(viii) (H, n)-accretive if M is n-accretive and (H + pM)(E) = E holds for all p > 0.

Definition 2.4 [6,15] Letn : E x E —> E be a single-valued operatorand M : E —> 2E
be a multi-valued operator. M is said to be relaxed n-accretive with a constant m, if there
exists a constant 7 such that

(=, Jg(x,y)) = —mlx —yll9, Vx,y € E, ue€Mx), veMQy).

Definition 2.5 [6,15] Letn : E x E — E, A: E —> E be single-valued operators and
M : E —> 2E be a multi-valued operator. M is said to be (A, n, m)-accretive if M is relaxed
n-accretive with a constant m and (A + pM)(E) = E holds for all p > 0.

Remark 2.2

(i) (A, n, m)-accretive operators is also called (A, n)-accretive operators by Lan et al.
[15].

(i) The definition of (A, n, 0)-accretive operators is that of (A, n)-accretive operators in
[5,7,12] with A = Por A = H.If n(x, y) = x —y, Vx, y € E, then the definition of
(A, n, 0)-accretive operators becomes that of A-accretive operatorsin [4] withA = H.
If E = H is a Hilbert space, the definition of (A, n, m)-accretive operator becomes
that of (A, n, m)-monotone operators (i.e., (A, n)-monotone operators in [16]), the
definition of H-accretive operators in [4] becomes that of H-monotone operators in
[1,8], the definition of the (P, n)-accretive operators in [5,7] becomes that of (P, n)-
monotone operators in [3,9-11] with P = H,if n(x, y) = x —y, Vx, y € H, then the
definition of (A, n, m)-monotone operators becomes that of A-monotone operators in

[2].

Definition 2.6 [13] Letn : E x E — E, A : E —> E be single-valued operators and
M : E x E —> 2E be a multi-valued operator. M is said to be (A, n, m)-accretive in the
first argument if M is relaxed n-accretive in the first argument with a constant m and for each
weE,(A+pM(., w))(E)= E holds for all p > 0.

Definition 2.7 [17] Let n : E x E —> E be a single-valued operator, then 7(., .) is said to
be t-Lipschitz continuous, if there exists a constant T > 0 such that

| n(u,v) < llu—v|, Yu,veeE.

Definition 2.8 [13] Letn : E x E — E be a single-valued operator, A : E — E be a
strictly n-accretive single-valued operator, and M : E x E —> 2F be (4, n, m)-accretive
in the first argument, m > 0 and A > 0 be constants. Then for each w € E, the resolvent
operator R;\;’(r_’,w)’ am - E — FE associated with A, n, m, M, X is defined by

RM< wym@ = (A+AM(, )" 'w), VueE.
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Lemma 2.2 [13,15] Letn : Ex E —> E be a Lipschitz continuous operator with a constant
7, A : E —> E be a strongly n-accretive operator with a constanty and M : E x E — 2F
be an (A, n, m)-accretive operator in the first argument. Then for each w € E, the resolvent

rqfl

A . , . . . N .
operator RM(.,w)’A’m : E — E is Lipschitz continuous with a constant Y= e

g—1

A, A,
”RM().],w),)L,m(x) - RM(]zw)y)hm(y)” = ”x - y||, Vx, S E,

y —mA

where A € (0, y/m) is a constant.

Remark 2.3 Under the conditions of Definition 2.8 and Lemma 2.2, the resolvent operator
Ry’ )7 15 single-valued (see [13] and [15]).

Definition 2.9 [12,13] Let Ey, E3, ..., E, be Banach spaces, g1 : Ey —> Ej and Ny :
ij':l E; —> E be two single-valued mappings.

(i) N is said to be £-Lipschitz continuous in the first argument if there exists a constant
& > 0 such that

Ny (x1,x2, ..., xp) = N1(y1, X2, ..., xp) || < &llx1 — 1l
Vxl,yl € El,Xj S Ej (j :2,3,...,[)).

(i) Ny is said to be B-strongly accretive with respect to g in the first argument if there
exists a constant 8 > 0 such that

(N1(x1,x2, ..., xp) = Ni(y1, x2, ..., xp), Jg(g1(x1) — g1(y)) = Blix1 — y1ll9,
Vxi,y1 € E1,x; €Ej (j=2,3,...,p).

(iii) Nj is said to be (¢, ov)-relaxed cocoercive with respect to g in the first argument if
there exists a constant y > 0 such that

(N1 (x1,x2, ..., xp) = N1(y1, X2, ..., Xp), Jg(g1(x1) — g1(y1)))
> —CINT(x1, %2, oy Xp) — Ni(v1, X2, -, xp) 1P + allxr — il
Vxi,y1 € Hi,xj €H; (j=2,3,...,p).

In a similar way, we can define the Lipschitz continuity and the strong accretivity (relaxed
cocoercivity) of N; : Hﬁ.’:] E;j — E; withrespectto g; : E; —> E; in the i-th argument
(i=23....p)

Let D(-, -) denote the Hausdorff metric on CB(E) defined by

D(A, B) = max{supd(a, B), supd(A,b)}, VA, B e CB(E),
beB

acA

where d(a, B) = infyep lla — b|l, d(A, b) = infseqa lla — b|.
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Definition 2.10 [18]Let E be areal uniforrrlly smooth Banach space,andV : E — CB(E)
be a set-valued mapping. V is said to be £- D—Lipschitz continuous if there exists a constant
& > 0 such that

D(V(u), V() <&|lu—vl|l, Vu,veeE.

3 A system of generalized mixed quasi-variational-like inclusions and existence
of solutions

In what follows, unless other specified, for eachi = 1,2, ..., p, we always suppose that
E; is a real g-uniformly Banach space, A;, g; : E; — E;,ni : E; x E; — E;, F;,G; :
Hle E; — E; are single-valued mappings, Ty; : E; —> CB(E;), T»; : E; — CB(E;),
..., Tpi : E; — CB(E;) are set-valued mappings and M; : E; x E; — 2Ei is an
(A;, ni, m;)-accretive operator in the first argument. Assume that g; (E;) N M; (., w;) # @ for
each w; € E;. We consider the following problem of finding (x1, x2, ..., Xp, y11, Y12, - - -»
Vips Y21, Y225 -5 Y2ps -+ s Ypls Yp2s - -+ Ypp) such that foreachi = 1,2,..., p, x; € E;,
vii € T1i(x;), y2i € Toi(xi), ..., ypi € Tpi(x;) and

0€ Fi(x1,x2,...,xp) + Gi(yi1, Yizs - - - » Vip) + Mi(gi (xi), x;). (3.1

The problem (3.1) is called a system of generalized mixed quasi-variational-like inclusions
with (A, n, m)-accretive operators in real g-uniformly Banach spaces.
Below are some special cases of problem (3.1).

i) IfM;(.,.) = M,()isan (H;, n;)-accretive operators, then problem (3.1) becomes the
following system of generalized mixed quasi-variational-like inclusions with (H, n)-
accretive operators, which is to find (x1, X2, ..., Xp, Y11, Y125 - -+ Yips Y21, Y22, - - - »
Y2ps+-+» Ypls Yp2s - -+, Ypp) suchthatforeachi = 1,2,..., p,x; € E;, y1; € T1;(x;),
2i € T2i(Xi),..., Yypi € Tpi(x;) and

0€ Fi(x1,x2,...,xp) +Gi(yit1, iz, - -+ Yip) + Mi(gi (x;)). (3.2)

This problem is different from problem (3.1) in [12] which is a special case of problem
(3.1)in [13].

(i) Fori,j = 1,2,...,p,if T;; = I; (the identity map on Ej;), then problem (3.1)
becomes the following problem of finding (x1, x2,...,x,) € H{’ZIE ; such that for
eachi =1,2,...,p,

0€ Fi(x1,x2,...,xp) + Gi(x1,x2, ..., xp) + M;(gi (x;)). (3.3)

This problem is called a system of variational inclusions with (A, n, m)-accretive
operators introduced and studied by Peng [6].

@iii) Fori =1,2,..., p,if E; = H; isaHilbertspaces, and M; (., .) = M;(.)isan (H;, n;)-
monotone operators, then problem (3.1) becomes the following system of generalized
mixed quasi-variational-like inclusions with (H, n)-monotone operators, which is

to find (X1, X2, ..., Xp, Y11 V12, o« oy Yips Y215 Y225 ooy Y2psevvs Ypls Yp2s oo s Ypp)
such that foreach i = 1,2, ..., p, x; € H;, y1ii € T1i(x;), y2i € T2i(xi),..., ypi €
Tpi(x;) and

0€ Fi(x1,x2,...,xp) + Gi (i1, Yizs - - - Yip) + Mi(gi (xi)). 3.4
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If p = 3, then problem (3.4) becomes the system of set-valued quasi-variational inclusions
introduced and studied by Peng and Zhu [10].

If p = 2, then problem (3.4) reduces to the system of generalized mixed quasi-variational
inclusions with (H, n)-monotone operators introduced and studied by Peng and Zhu [9],
whichis to find (x, x2, y11, y12, Y21, y22) such that (x1, x2) € Ey x E2, y11 € T11(x1), y12 €
Ti2(x2), y21 € Ta1(x1), y22 € Tr2(x2) and

0 € Fi(x1, x2) + G1(y11, y12) + M1(g1(x1)),
0 € Fa(x1, x2) + G2(y21, y22) + M2(g2(x2)).

It is easy to see that problem (3.5) is different from problem (3.2) in [11].

If p =2, G = Gy =0, M; be P;-n;-accretive in the first argument (i=1, 2), then
problem (3.1) reduces to the problem (4.1) in [7].

Since Tj; : E; —> CB(E;) has been replaced Tj; : E; — CB(E;), problem (3.1) in
this paper is different from the problem 3.1 in [13] which is not contained those mathematical
models in [6,8-10] as special cases. Problem (3.1) can be regarded as a corrected version of
the problem 3.1 in [13].

(3.5)

Lemma 3.1 Fori =1,2,...,p, letn; : E; x E; —> E; be a single-valued operator, A; :
E; —> E; be a strictly nj-accretive operator and M; : E; —> 2Ei bean (A;, ni, m;)-accre-
tive operator. Then (X1, X2, ..., Xp, Y11, Y125 -« -+ Yip> Y215 Y225 oo o2 Y2ps o+ Yplo Yp2o oo s
ypp) with x; € Ej, yi; € T1i(x;), y2i € Toi(x;), ..., ypi € Tpi(x)) (i =1,2,...,p)isa
solution of the problem (3.1) if and only if for eachi = 1,2, ..., p,

Aini
&) = Ry " o (A (i) = M Fy(x1, x2, -, Xp) = i Gi(Dit, Yizs -+ Vip))s

where Rﬁ;;_’:;H wimy = Qi + LM xi)~Y, A > 0 are constants.
Proof The fact directly follows from Definition 2.8. O

Now we present some existence results of solutions for problem (3.1) and its special cases
without involving any iterative algorithms.

Theorem 3.1 Fori = 1,2,...,p, let n; : E; x E; —> E; be t;-Lipshitz continuous,
A; 1 Ei —> E; be y;-strongly n;-accretive and §;-Lipschitz continuous, g; : E; —> E; be
(t;, ri)-relaxed cocoercive and s;-Lipschitz continuous, F; : H]f:l Er, — E; be (&, a;)-
relaxed cocoercive with respect to g; in the i-th argument, B;;-Lipschitz continuous in the
j-th argument for j = 1,...,i — 1,i,i +1,..., p, where g; : E; —> E; is defined by
§,-(xi) = A,‘ o gi(xi) = Ai(gi(xi)),vxi S E,‘, and Gi : Hlf:l Ek — Ei be fij-LipSC/’ll'l‘Z
continuous in the j-th argumentfor j =1,2,..., p, M; : E; Xx E; —> 2L pe (4;, ni, M;)-
accretive in the first argument, and the set-valued mappings T\; : E; — CB(E;), Ty; :
E; —> CB(E)),..., Ty : E; —> CB(E;) be l,;-D-Lipschitz continuous, l;-D-Lips-
chitz,. .., 1 p,-—D—Lipschitz continuous, respectively. In addition, if

Aimi Ai i PN I
IR oy o @) = Ry e o @O < i %0 = 20 0, Vi, 8,2 € Eiy o (3.6)
foralli = 1,2, ..., p. If there exist constants A; such that 0 < A; < r% (i=12,....p)

and
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(/1 - qu +qtis] +cgs1? +

I

-i-),l ‘,\]ml (\/51’181‘1 — g +grsiu? +cgri B +M§11111)

q 1

+ Z oS B+ Epljn) < 1,

\/1 —qr2+qtzsg+cq 529 + w2

+y2T212m2 (\/52"&2" — qlaar + qAral2 B0 + chgﬁzzq + )»2522122)
| 3.7
)\ q
+ oy (B2 +énln) + Z(ﬂjz +E,2112) z Mm/ <1,
j_
\"/1 — qrp + qtps;’, +cgsp? + 1p
+7PIP)»pmp (\/‘S Usp? = qhptp +qhplpBpp? + cghpBpp? + hpkppl pp)
q 1
+ Z 7 Bip + Ejplip) < 1.
Then problem (3.1) admits a solution (x1, X2, ..., Xp, Y11, Y12+ -+ » Yip> Y215 Y22+ - -+
Y2ps -5 Ypls Yp2, ~-~s)’pp)~
Proof Fori =1,2,..., p, define a mapping I'y, : I'[leXj X I'IleXj — X; by
Do, (X1, X2, o0y Xpy Yils Yids -+ Yip) = Xi — &i(X;)
Aini
FRY e (Ai (€ (X)) = A Fi(x1, x2, o, xp) = X Gi (it Vi, -+ Vip)),s
(3.8)
for all (x1,x2, ..., Xp, Vi1, Yi2s -+, Vip) € l'lleX/ X l'[Jp.ZlX
Now define the norm || - ||x on HleXj by
e, x2, ooy xp) e = llxall + 2l + - -+ llxpll, Vx1, x2,...,xp) € Hf:]X

Itis easy to see that (H?lej, |I-1l%) is a Banach space. By (3.8), forany ; > 0(i = 1,2, ...,

define @ P X; - 2%
p)9 enne ALA2,ehp . j=124J - y
D0, Ap(xl,xz,.--,xp)Z{(Fxl(xl,xz,---,xp,yll,ylz,---,ylp),
Doy (X1, X2, ooy Xpy Y215 Y225 o3 Y2p)s o v e s

F/\,,(xl,m,-.-,xp,ypl,ypz,...,ypp)) 2y € Tij(x;),
y2j € sz(Xj),...,ypj € ij(Xj),j = 1,2,...,p.]

forall (xi, x2, ..., xp) € _  X;.
For any (x1,x2,...,x,) € II7_ X, since for i, j = 1,2,..., p, T;j(xj) € CB(X)),

Ai,ni .
Ai,ni, gi, Fi, Gi, RM’(’le m; are continuous, we have @, 1, Ap(xl,xz,...,xl,) €

CB(I1 ;7:1 Xj). Now we prove that @y, 5, .5, is a set-valued contractive mapping.

,,,,,
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In fact, for any (x1, x2,...,xp), (X1, %2, ..., %)) € nlex,-, and any (a1, ay, ..., ap)
€ Oy, Ap(xl,xz,...,xp),thereexistylj € Tj(xj),y2j € Taj(xj), ..., ypj € Tpj(xj)
(j=1,2,..., p)suchthatforeachi =1,2,..., p,

Ajni
ai = xi — gi(xi) + RM/(7.7,x;),»\i,mi (Ai(gi(xi)) — Ai Fi(x1,x2, ..., Xp)
—AiGi(Yil, Yizs -+ -5 Yip))s

Note that for i, j = 1,2, ..., p, T;; (;) € CB(X); it follows from Nadler’s result [17]
that there exist 1; € T1;(%;), y2; € Toj (%)), ..., ¥pj € Tpj(x;) (j = 1,2,..., p) such
that foreachi, j =1,2,..., p,

lyij = 3ijll < D(T;j(x)). Tij (£))). (3.9)
Fori =1,2,..., p, setting
N n Ajon; N S N
bi = x; — gi(x;) + RM[(T?,)?[),M,,,” (Ai(gi (%)) — Ai Fi (X1, X2, ..., Xp)

—1iGi (i1, Jizs - -5 Jip))-

We have (bl,bg, ey bp) S (DM,M ,,,,, ,\p(ﬁl,ﬁz, .. .,fp).

Fori =1,2,..., p,letQ; = A;j(gi (xi))—Ai Fi(x1, x2, ..., xp) =i Gi Vi1, Yi2, - - -, Yip)
Qi = Ai(gi (&) — A Fi (X1, X2, ..., Xp) =2 G (Di1, iz, - - ., Jip). By Lemma 2.2 and (3.6)
that

Aj\mi
la; = bill = lIxi — gi (x) + Ryf "5 (i (81 (i) — A Fi(x1, X2, - Xp)
. . Aimi .
—%iGi(yits yizs -5 Vip)) — [Xi — gi(xi) + RM’.(?%),M,,W (Ai(gi(xi))
—AiFi (X1, X2, .., %) — LG (Dit, iz - Iip)]

A~ N A, ni Ajmi A
< i — & — (@) — g G+ IR (20 = R ()]

A ~ Ai, i Ai» i A
< llxi = % = (@i () — i G+ IR s @) = Ryp " 5 (20
Aimi A Ai i A
+||RMi(7~];Xi);)Vi;mi (€2) — RMi(]?,ii),)»i,mi el
gq—1
<xi =% — (gi(xi) — g GOl + ——— 1% — 4l + i Il i — % I,
Vi — Aim;
i=1,2,...,p. (3.10)

Since g; : E; —> E;is (¢, rj)-relaxed cocoercive and s; -Lipschitz continuous, by Lemma
2.1 we have,

lxi =% — (gi(xi) — gi XY
< xi = %07 + cqllgi (i) — g R — q(gi (xi) — gi (Fi), Jg(x; — X))
< (L4cqsi +qtis! —qri)|xi — %14 (3.11)
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And

12 — <
= [|Ai(gi(xi)) — A Fi(x1, X2, ..., Xp) — i Gi(Yit, Yizs - -5 Yip)
—[Ai(gi (%) — A Fi (X1, X2, ..., Xp) — AiGi (i, Jins -+, Jip)1ll
< NAi(gi(xi)) — Ai(gi (£)) — Al Fi(x1, X2, oy Xic1, Xiy Xig 1o - Xp)
—Fi(x1,x2, .o, Xi—1, X X1, - xp)]l
FAlFi(xp, X2, oo Xi 1, X Xig 1 o Xp)) — Fi(X1, X2, .00, £
+4i1Gi(yits Yizs - -5 Yip) — Gi(Bit, Jizs - ipll, i=1,2,..., p. (3.12)

Since F; : ]_[,f:1 Er —> E; is (&, o;)-relaxed cocoercive with respect to g; in the i-th
argument, and S;;-Lipschitz continuous in the i-th argument, respectively, by Lemma 2.1 we
get,

1A; (gi (xi)) — Ai(gi (X)) — Ai[Fi (X1, X2, ooy X1, Xiy Xig 1y - o o5 Xp)

—Fi(x1, X2, ... Xio 1, Xiy Xige 1 -, X))
< | Ai(gi (xi)) — Ai (g RDIIT — qri (Fi (X1, X2, . Xi— 1, Xis Xt 1o+ oo s Xp)

—F;(en, X, oo Xim, Riy Xig1s - Xp), Jg(Ai(8i(xi) — Ai(gi (8))) + gl

XN F (X1, X2, « ooy Xie 1, Xiy Xigels - o Xp) — Fi(xr, X2, oo, X1, Xy Xty -, xp) |19
< G957 — qhioi + qrigiBii? + cghBiDllxi — %19, i=1,2,...p. (3.13)

Since F; : H,’::l Er —> E; is B;j-Lipschitz continuous in the j-th argument for j =
I,...,i—1,i+1,..., p, we have,

I Fi(x1, %2, oy Xio1, iy Xige 1, -0, Xp)) — Fi(R1, X2, 0, Xp) |l

SNE (e, X2, oo Xim 1, X Xig 1 oo, Xp) — Fi(Rp, X2, o0 X1, X Xig 1, -, X))l
FHIF; (X1, X2, X3, ooy Xie 1y Xy Xigls - -5 Xp)
—Fi (X1, %2, X3, o, Xio 1, Xiy Xige 1, - Xp) ||
HIIF (F1, X2, X3, oo, X1, iy Xig 1o - -5 Xp)
—Fi (%1, %2, X3, .o, X1, Xy X1 -, xp) ||
+...
HIFi(F1, 2, X3, ..o, X0, X1, Xy Xig 1o - o0y Xp)
—Fi (X1, %2, X3, ..., Xico, Xic 1, Xiy Xige 1, - Xp) ||
HIIF; (F1, X2, X3, ..., X0, Xim 1, X Xig 1, oo 05 Xp)
—B(£1,£2,£3,...,ii_z,ii_l,)%i,jprl,...,xp)|| + ...
| + Fi(X1, X2, X3, ..., Xi—2, Xi1, Xy K15 -+, Xp—1, Xp)
—Fi (X1, %2, ..., Xp-1, Xl

< Birllxi = X1l + Bizllx2 — 22l
+oF Biictllxict = Xl 4 BiivtllXier — Xigall 4+ - 4 Bipllxp — %5l

i—1 4
=> Bifllx; =&+ D Bijlxj— %l i=12....p. (3.14)
Jj=1 j=i+l
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It follows from the Lipschitz continuity of G;, the D-Lipschitz continuity of 7;;, (3.9)
that

1G; i1, yiz, -, Yip) — Gi(Gins Dizs -, Jip) |l
<G (i1, yizs ---» Yip) — GiQit, iz, - yip) . +1GiGit, yias -, Yip)
—GiGits iz, - Yip)l + -+ 1GiGit, Jizs -+ Yip) — Gi(it, Jizs - -, Jip)ll

p 14 p
< Zéijllyij — 3l < z%'ijD(Tij(xj), Tij (%)) < Zéijlijllxj — %,

j=1 j=1 j=1
i=1,2,...,n. (3.15)

It follows from (3.10)—(3.15) thatfori = 1,2, ..., p

lai — bill = [\‘/1 + g5t 4 qtis] —qri + w

g—1
T A
T S \‘/Sﬂs,-q — qhici + qhiGiBiid + cq il Bii? + Mi&iilii )| lxi — %l
s
Vi inm;
i—1 qfl qfl
+Z(13l/+‘§ljllj) ||x]—x,||+ z (/3!/+‘§lj l]) m
J l _l+l l 1
[l —)%j Il (3.16)
Therefore,
P
> llai —bill
i=1
< Z{[{’/l + cqsi +qtis! — qri + wi
i=1
Tq !
+—r (\/(S 9si9 — gAia; +qrigiBii? + quqﬂzzq + Ai&ii 11)] llx; — %l
Vi — Aim;
i—1 ‘/*1
+Z(ﬂ’] +Sl} l_]) rim; ”)CJ—JC]“
j=1
q—l
£ B+t ,,) 1
Jj=i+1 ki

= (\q/l —qr +qt1sii +cgs19 + 1

g—1

T

L ({’/51%1‘1 —grar +qgrciBuid +cghl i +)»1§11111)
Y1 — Almy
p )LT‘]_I

j
+D B+ L) I — 5l

2 Vi TR
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+ ({’/1 —qr +q12S2q +cg$29 + 12

g—1
— B (g0 —gan A a A B + doéml
29529 — qroar + qrasafa? + cqrs Ba? + A2nalan
V2 — Aamy
Ml ard!
+7(ﬂ12 +Enln) + Z(ﬁ,z + 5,21,2)7’ llx2 — 22l
Y1 — =3 )Lij
J’-‘..
+((%l —qry —l—qtps;’, +cgsp? + wup
!
+—r (8p5p? = @hpap +ahplpBpp? + cqhyBpp? + hpEpplpp)
Yp = Aphp
p—1 )V.qul
j .
F 2 Bin il i) %y = &
j=1 Vi—4Aj
_e(ani—ffn) = 01l (x1, 22, xp) = G Bl (3.17)

i=1

where

f = max {\q/l —qri +qt1s? +egs17 +

q—1
f q
— ( 1819519 — ghiog + qrig1Bn? + cgri i +)»1$11111)
Y1 — Aimy
PooprdT!
j
+Zm(5/1 +&j1lj1), \/1 qrr + qtas3 + cgs2? + o
j=2
g—1
2 99 4o q q q q
——— | /829529 — qhorar + G252 Bn? + cqhs B? + Aol
V2 — Aany
-1 q—1
aty AjT;
+71(ﬂ12 + Enlin) + Z(ﬂ,z + 5121,2)7’
V1 — = Ajm
g \q/l —qrp +atpsp +cgspt + 1p
-1
% U8,95,9 — A 9 4 e 1B+ Ayl
t— pIsp? —qhpap +qrplpPpp? +cgrpBpp? + Ap&pplpp
Yp = Apmp
p—1 q—1
i
+Zy “m (ﬂjp+5jp JP)}
j

By (3.7), we know that 0 < 6 < 1. Hence, from (3.17), we get
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d((alaaQA'-'ap)v(D)\],)nz ,,,,, )\p()?lvizv"'sip))
= inf (lar =bill + llaz = ball + -+ + llap — byl
(b1,b2,....bp) €Dy g,k (R1.X2,.0Kp))

<ON(x1, x2, ..., xp) — (X1, X2, .o, p) Il
Since (ay, az, ...ap) € ®j ;... ap (X1, X2, 00, Xp) is arbitrary, we obtain

sup d((ar, az, ... ap), @iy y..0,(F1, %2, ..o, Xp)))
(a1,a2,..ap)E€Pyy 25, hp (x1,¥,rxp)

<O, x2, .., xp) — (X1, X2, o0, Xp) Il

By using the same argument, we can prove

sup d(Payng,en, (X1, X2, 0oy Xp), (D1, D2, o, D))

(b1.b2,..,bp)EDsy 2y, 0p (R1.R200, %)
<Ol(x1, x2, ..., xp) — (X1, X2, o0, Xp) s
It follows from the definition of the Hausdorff metric D on C B(Hf:1 Ej) that for any

(x1,x2,...,%p), ()21,22,...,)%) S Hle E;

D(@y 5y, (15 X2, -+ o3 Xp)y Py gy, (R0, X2, 005 %)) S O1(xr, X2, -0, Xp)

— (X1, X2, -+, Xp) [l
p

.....

(CH . x;‘,) € Dy g, X1, X5, x;). By the definition of ®y, 5, ...,
that there exist y;"j € T,-j(x;‘.‘) (i,j=1,2,..., p)suchthat foreachi = 1,2,..., p,

Ai i
gi(xi*) = RMi(r.],x;‘),)»i,m,' (Ai(gi(x;k)) - )“iFi(xik’ x;’ T x;) - }L"Gi(y;kl’ y;kz’ T yi*P))’
It follows from Lemma 3.1 that (x{, x5, ..., x;;, Vi Vi oo yikp, V31 Yags oo e yi‘p
R y; 1 y;Z, el y;‘;p) is the solution of problem (3.1). This completes the proof. O

Remark 3.1 (i) By Theorem 3.1, it is easy to obtain the existence of solutions for the special
cases of problem (3.1). Now we give two examples as follows:

Fori =1,2,...,p,ift M;(.,.) = M;(.) is an (H;, n;)-accretive operators, then m; =
ni = 0. By Theorem 3.1, we have

Corollary 3.1 Fori = 1,2,...,p, letn; : E; x E; —> E; be t;-Lipshitz continuous,
H; : E; —> E; be y;-strongly n;-accretive and §;-Lipschitz continuous, g; : E; —> E; be
(t;, ri)-relaxed cocoercive and s;-Lipschitz continuous, F; : H,le Ery — E; be (&, a)-
relaxed cocoercive with respect to g; in the i-th argument, B;j-Lipschitz continuous in the j-th
argumentfor j = 1,...,i —1,i,i+1,..., p, where g; - E; —> E; is defined by g; (x;) =
Ajogi(xj) = Ai(gi(x;)),Vx; € Ej, and G; : H]le Ey —> E; be &;j-Lipschitz continuous
inthe j-thargumentfor j = 1,2, ..., p, M; : E; —> 2Fi be (Hj, n;)-accretive, and the set-
valued mappings Ty; : E; — CB(E;), Tz; : E; —> CB(E;),..., Ty : E; — CB(E;)
bel li—b—Lipschitz continuous, ZZi—IND—Lipschitz,. o1 p,-—IN)—Lipschitz continuous, respectively.
If there exist constants .; > 0 (i = 1,2, ..., p) such that
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- g-1
1 —qry —i—qtlsi] +egs19 + rlT (\'%51']3‘]‘7 —gAra —I—qM{],B]]q —I-Cq)»qﬂ]]q

+A1§11111)

ilj) < 1,

-1
{‘/1 —qry + qtas] + cgs2? (\q/r?zqszq — gha0 + @I B? + cghd Bort
+>~2‘§22122)

—1

(,312 + &l + Z Bj2 + 512112)

j—

<1,

q 1

\‘/1 —qrp +qtpsp +cgsp? + L (\%S!’qqu = qhpp + ahplpBpp? + cghpBpp?
‘H‘pfpplpp)

+ Z (ﬂm +&jpljp) < 1.

Then problem (3.2) admits a solution (x1, X2, ..., Xp, Y11, Y12, -+ s Yip> Y21, Y22, - - -5
y2p7~~~7ypl,yp2»~~~;ypp)

Fori, j=1,2,..., p,if M;(.,.) = M;(.)isan (A;, n;, m;)-accretive operators, T;; = I,
then /;; = I and u; = 0. By Theorem 3.1, we have:

Corollary 3.2 Fori = 1,2,...,p, let n; : E; x Ei —> E; be t;-Lipshitz continuous,
A; 1 Ei —> E; be y;-strongly n;-accretive and §;-Lipschitz continuous, g; : E; —> E; be
(t;, ri)-relaxed cocoercive and s;-Lipschitz continuous, F; : H/f:] Er, — E; be (&, ai)-
relaxed cocoercive with respect to §; in the i-th argument, B;;-Lipschitz continuous in the
j-th argument for j = 1,...,i — 1,i,i +1,..., p, where g; : E; —> E; is defined by
gi(xi) = A,‘ o gi(xi) = A,‘(g,'(xi)),vxi (S E,‘, and G,‘ : H/le Ek — E,‘ be Eij-LipSChil‘Z
continuous in the j-th argumentfor j =1,2,..., p, M; : E; X E; —> 2Ei be (A, i, m;)-
accretive in the first argument. If there exist constants A; > 0 (i = 1,2, ..., p) such that

\q/l —qri+qns{ +cgs? + ST (\/51qS1‘1 —qhiar +grsiu? +cgr{ B

+)»1€11)
q—1

T
+JZ‘ = )»,m/ Bj1 +&1) <1, \/1 —qrz—i—qtzvz +cgs24

q 1

+ 52 Azmz (\/52q52‘1 — g0 + qhala Pt + cghd Bt + szzz)

1

e
Vl lel(ﬂ12+‘§12) +J§ (/3/2+512) )f <1,

q q
\/1 —qrp +qtpsp +cqsp? + yp—xpmn (\/5 Usp® = qhpap + ahplpPpp? + g2 pBpp’
q 1

‘H‘pé:pp) + Z yi=iom; Bip T Ejp) < 1.
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L)

Then problem (3.3) admits a solution (x1, X2, ..., Xp, Y11, Y125 -+ Yip> Y21, Y22, - -
V2psevos Ypls Yp2sonvs Ypp)-
Remark 3.2 Fori = 1,2,...,p,if t; = ¢ = 0 in Theorem 3.1, then g; : E; — E;
becomes r;-strongly accretive, F; : H/f:l Erx —> E; becomes «;-strongly accretive with

respect to g; in the i-th argument, and the hypothesis (3.7) can be replaced by the following
formula:

A o
W + o+ m ((/31‘151‘1 —ghar +cghi B -H»1$11111)
+Z yj yiogm; Bin +&1lj) < 1, Y1 —qro+cgs? + o
+Vzr2/\2mz (\/‘qusﬂ — ghaay + cqAd Bt + )»2522122)

q—l
)\1 ]

o5y (B2 + §12l12) + ]Z (Bj2 +$le]2)y oy < L

-1
VU=qrp+cgsp? + pp + W ({I/‘Spqqu = qhptp + cgrpBpp? + )“PEPPIPI’)
l]

2 ;{ (lgm +&jpljp) < 1.

Remark 3.3 The novel proof approach for the existence of solutions used in Theorem 3.1
is different from those iterative methods used in [8—13] and is suitable for the proofs of
existence results for all kinds of classes of system of set-valued variational inclusions.

We introduce the following p-step iterative algorithm for solving problem (3.1) as fol-
lowing:

Algorithm 3.1 For any given x? e E; (i =1,2,..., p), we can compute the sequences
X, Y s Vaineeos y:'n. (i=1,2,..., p) by the following p-step iterative schemes such that for
eachi =1,2,...,p,

= = @G Ry (A GT) = M F xS x)
—AiGi(y”, y,-z, ceey yi,,)).

1 N —
ce TG, Iy — vl < (1 + ;) D(T1; (), T (1),

n—1 1\ ~ i rn—1
vy € Toi (), llyy; — vy I < 1+; D(Toi (x;), Toi (x; ™)),

_ I\ ~ _
Vi € TpiGx!), lypy = o'l < (1 - ;) D(Tpi (x]'), Tpi (£ 1)).

foralln =0, 1,2, .... By similar argument with that in [13], we can prove the existence of
a solution of problem (3.1) and the convergence of Algorithm 3.1 as follows:

Theorem 3.2 Fori = 1,2,...,p, let n; : E; x E; —> E; be t;-Lipshitz continuous,
A; : E; —> E; be y;-strongly n;-accretive and §;-Lipschitz continuous, g; : E; —> E; be
(t;, ri)-relaxed cocoercive and s;-Lipschitz continuous, F; : H,le Ey — E; be (&, ai)-
relaxed cocoercive with respect to g; in the i-th argument, B;;-Lipschitz continuous in the
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j-th argument for j = 1,...,i — 1,i,i + 1,..., p, where g; : E; —> E; is defined
by &i(xi) = Ai o gi(x) = Ai(gi(x),Vx;i € Ej, and G = [I{_ Ex — E; be &~
Lipschitz continuous in the j-th argument for j = 1,2,...,p, M; : E; x E; — 2Fi

be (A;, ni, mi)-accretive in the first argument, and the set-valued njappings T : Ei —
CB(E;), Tr; : E; — CB(E)),...,Ty; : E; — CB(E;) be l1;-D-Lipschitz continuous,
lz,--B-Lipschitz,. oo pi-E-Lipschitz continuous, respectively. In addition, if

IR iy G = R e @l < il xi = % Il ¥oxi, %0, 21 € Ei
foralli = 1,2, ..., p.Ifthere exist constants A; suchthat0 < A; < r}ni, (i=1,2,...,p)and
the hypothesis (3.7) holds. Then problem (3.1) admits a solution (x1, X2, ..., Xp, Y11, Y125 - - - »
Vips Y215 Y22+ -+ s Y2ps o v Ypls Yp2s - -+ Ypp) and sequences x, x5, . .., x[’;, Y Vi
y{‘p, Vo Yaps s ygp, R y;')], y;l)z, cees Yy CONVErZE10 X1, X2,y oy Xpy Y11, Y125 -5 Vips
Y215 Y225 s Y2ps oo oy Ypls Yp2o o oo Ypp,  Tespectively, where xi', ¥, yy, ..., y;i

(i =1,2,..., p) are the sequences generated by Algorithm 3.1.

Remark 3.4 Both Algorithm 3.1 and Theorem 3.2 are the corrected versions of the main
results in [13].

Remark 3.5 Theorem 3.1 and 3.2 unify, generalize and improve those corresponding results
in [1-10] and the references therein.
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